Abstract. We establish the slope equality and give an upper bound of the slope for finite cyclic covering fibrations of an elliptic surface including bielliptic fibrations of genus greater than 5. We also give an upper bound of the slope for triple cyclic covering fibrations of a ruled surface and hyperelliptic fibrations, which provides a new proof of Xiao's upper bound.
Introduction
We shall work over the complex number field C. Let S be a smooth projective surface, B a smooth projective curve and f : S → B a relatively minimal fibration of curves of genus g ≥ 2. Let K f denote the relative canonical bundle K S − f * K B . Consider the following relative invariants: • (Noether) 12χ f = K 2 f + e f .
• (Arakelov) K f is nef.
• (Ueno) χ f ≥ 0, and χ f = 0 if and only if f is locally trivial (i.e., a holomorphic fiber bundle).
• (Segre) e f ≥ 0, and e f = 0 if and only if f is smooth. Assume that f is not locally trivial. We put
χ f and call it the slope of f . Then one sees 0 < λ f ≤ 12 from the above results. In 1987, Xiao showed in [17] the inequality
This inequality is sharp and it is well known that the slope attains the lower bound only if the fibration f is hyperelliptic, i.e., a general fiber F is a hyperelliptic curve ( [13] and [17] ).
As to the upper bound, Kodaira [11] constructed examples of fibrations with slope 12, which are nowadays called Kodaira fibrations. Thus the inequality λ f ≤ 12 is sharp among all 12(n − 1) 2n
for any primitive cyclic covering fibration f : S → B of type (g, 1, n). , if n ≥ 4, or n = 3 and g = 4 24 4g − 17 , if n = 3 and g > 4, 2 g − 2 , if n = 2 and g ≥ 3.
In particular, we have the slope equality and the upper bound of the slope for bielliptic fibrations of genus g ≥ 6. We remark that the upper bounds in Theorem 0.2 are "fiberwise" sharp as we shall see in Example 3.13. We do not know, however, whether there exist primitive cyclic covering fibrations of type (g, 1, n) whose slopes attain the bounds.
It remains to investigate the case that h = 0 and n ≤ 3. The above method also applies to this case and we obtain the following: , where δ = 0 if g is odd and δ = 1 if g is even, i.e., 2δ = 1 + (−1) g .
We obtained the complete classification of singular fibers of primitive cyclic covering fibrations of type (4, 0, 3) in [8] and computed some local invariants for each singular fiber. One may use it to reprove Theorem 0.3 (1) . Note also that Theorem 0.3 (3) provides a new proof of Xiao's upper bound for hyperelliptic fibrations in [19] referred above. It is shown in [15] that the inequality is optimal for given g.
The organization of the paper is as follows. In §1, we recall basic results from [7] and [8] on primitive cyclic covering fibrations and introduce some notation for the later use. In §2, we observe the local concentration of relative invariants of primitive cyclic covering fibrations of type (g, 1, n) on a finite number of fiber germs and show Theorem 0.1. §3 will be devoted to the proof of Theorem 0.2. In the course of the study, we freely use Kodaira's table of singular fibers of elliptic surfaces. Finally in §4, we show Theorem 0.3.
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Preliminaries
In this section, we recall and state basic results for primitive cyclic covering fibrations in [7] . branched over a smooth curve R ∈ |n d| for some n ≥ 2 and d ∈ Pic( W ) such that f is the relatively minimal model of f := ϕ • θ.
Let f : S → B be a primitive cyclic covering fibration of type (g, h, n). We freely use the notation in Definition 1.1. Let F and Γ be general fibers of f and ϕ, respectively. Then the restriction map θ| F : F → Γ is a classical n-cyclic covering branched over R ∩ Γ. Since the genera of F and Γ are g and h, respectively, the Hurwitz formula gives us (1.1) r := R Γ = 2(g − 1 − n(h − 1)) n − 1 .
Note that r is a multiple of n. Let σ be a generator of Aut( S/ W ) ≃ Z/nZ and ρ : S → S the natural birational morphism. By assumption, Fix( σ) is a disjoint union of smooth curves and θ(Fix( σ)) = R. Let ϕ : W → B be a relatively minimal model of ϕ and ψ : W → W the natural birational morphism. Since ψ is a succession of blow-ups, we can write ψ = ψ 1 • · · · • ψ N , where ψ i : W i → W i−1 denotes the blow-up at x i ∈ W i−1 (i = 1, . . . , N) with W 0 = W and W N = W . We define reduced curves R i on W i inductively as R i−1 = (ψ i ) * R i starting from R N = R down to R 0 =: R. We also put E i = ψ Let E be a (−1)-curve on a fiber of f . If E is not contained in Fix( σ), then L := θ(E) is a (−1)-curve and θ * L is the sum of n disjoint (−1)-curves containing E. Contracting them and L, we may assume that any (−1)-curve on a fiber of f is contained in Fix( σ). Then σ induces an automorphism σ of S over B and ρ is the blow-up of all isolated fixed points of σ (cf. [7] ). One sees easily that there is a one-to-one correspondence between (−k)-curves contained in Fix( σ) and (−kn)-curves contained in R via θ. Hence, the number of blow-ups in ρ is that of vertical (−n)-curves contained in R.
From Lemma 1.2, we have
where E i denotes the total transform of E i . Since
we get
Definition 1.3 (Singularity index α). Let k be a positive integer. For p ∈ B, we consider all the singular points (including infinitely near ones) of R on the fiber Γ p of ϕ : W → B over p. We let α k (F p ) be the number of singular points of multiplicity either kn or kn + 1 among them, and call it the k-th singularity index of F p , the fiber of f : S → B over p. Clearly, we have α k (F p ) = 0 except for a finite number of p ∈ B. We put α k = p∈B α(F p ) and call it the k-th singularity index of f .
Let D 1 be the sum of all ϕ-vertical (−n)-curves contained in R and put R 0 = R − D 1 . We denote by α 0 (F p ) the ramification index of ϕ| R 0 : R 0 → B over p, that is, the ramification index of ϕ| ( R 0 ) h : ( R 0 ) h → B over p minus the sum of the topological Euler number of irreducible components of ( R 0 ) v over p. Then α 0 (F p ) = 0 except for a finite number of p ∈ B, and we have
by definition. We put α 0 = p∈B α(F p ) and call it the 0-th singularity index of f .
Let ε(F p ) be the number of (−1)-curves contained in F p , and put ε = p∈B ε(F p ). This is no more than the number of blowing-ups appearing in ρ : S → S.
From (1.2) and (1.3), we have
On the other hand, we have
Hence,
by (1.6) and (1.7). Since
3), (1.4) and (1.5), we get
From (1.8), (1.9), (1.10) and Noether's formula, we have
We define some notation for the later use. For a vertical divisor T and p ∈ B, we denote by T (p) the greatest subdivisor of T consisting of components of the fiber over p. Then T = p∈B T (p). We consider a family {L i } i of vertical irreducible curves in R over p satisfying:
(i) L 1 is the proper transform of an irreducible curve Γ 1 contained in the fiber Γ p or a (−1)-curve E 1 appearing in ψ.
(ii) For i ≥ 2, L i is the proper transform of an irreducible curve Γ i contained in the fiber Γ p intersecting Γ k for some k < i or an exceptional (−1)-curve E i that contracts to a point x i on C k (or on its proper transform) for some k < i, where we define C j to be E j or Γ j according to whether L j is the proper transform of which curve.
(iii) {L i } i is the largest among those satisfying (i) and (ii).
6
The set of all vertical irreducible curves in R over p is decomposed into the disjoint union of such families uniquely. We denote it as
where η p denotes the number of the decomposition and 
Similarly, we define j
Rearranging the index if necessary, we may assume that
Let η p be the number of t = 1, . . . , η p such that j t (F p ) = j ′′t 0,1 (F p ) and η p = η ′′ p − η p . Definition 1.5 (Vertical type singularity). Let x be a singular point of R. For t = 1, . . . , η p and u ≥ 1, x is a (t, u)-vertical type singularity or simply a u-vertical type singularity if the number of C t,k 's whose proper transforms pass through x is u. If x is a (t, u)-vertical type singularity and the multiplicity of it belongs to nZ (resp. nZ + 1), we call it a (t, u)-vertical nZ type singularity (resp. (t, u)-vertical nZ + 1 type singularity).
Let ι t,(u) (F p ), κ t,(u) (F p ) respectively be the number of (t, u)-vertical nZ, nZ + 1 type singularities over p and put
(F p ) respectively be the number of (t, u)-vertical type singularities with multiplicity kn, kn + 1 and we define ι
. We say that a singular point x of R is involved in D t (p) if there exists C t,k such that it or its proper transform passes through x or it contracts to x.
) denotes the number of singularities with multiplicity kn or kn + 1 over p not 
respectively denote the number of singularities with multiplicity kn, kn + 1 over p. Similarly, we define α
Definition 1.7 (Singularity of type (i → i)). Suppose that n = 2. If the exceptional curve E x of the blow-up at a singularity x of R with multiplicity 2k + 1 contains only one singularity y, then the multiplicity at y is 2k + 2 and E x contributes to j ′′ 0,1 (F p ). Conversely, the exceptional curve E contributing to j ′′ 0,1 (F p ) has such a pair (x, y). Then we call the pair (x, y) a singularity of type (2k + 1 → 2k + 1) (cf. [18] ). Let α (2k+1→2k+1) (F p ) be the number of singularities of type (2k + 1 → 2k + 1) over p (i.e., s 2k+1 (F p ) in the notation of [18] ). Then we have
We decompose
(2k+1→2k+1) (F p ) as follows. Let α tr (2k+1→2k+1) (F p ) be the number of singularities of type (2k+1 → 2k+1) over p at which any local branch of R h intersects the fiber over p transversely. Let α co,0 (2k+1→2k+1) (F p ) (resp. α co,1 (2k+1→2k+1) (F p )) be the number of singularities (x, y) of type (2k + 1 → 2k + 1) over p such that the proper transform of the vertical component passing through x also passes through y and is not contained in R (resp. is contained in R). Notation 1.8. For a condition or a Roman numeral P, we put δ P = 1 if the condition P holds or Γ p is a singular fiber of type P, and δ P = 0 otherwise.
Let C = C t,k and assume that it is smooth. If C is on W i , we drop the index and set R = R i for simplicity. Let R ′ = R − C. Let x 1 , . . . , x l be all the points of C ∩ R ′ . We put x i,1 = x i and m i,1 = m i . We define ψ i,1 : W i,1 → W to be the blow-up at x i,1 and put
. Inductively, we define x i,j , m i,j to be the intersection point of the proper transform of C and E i,j−1 , the multiplicity of R i,j−1 at x i,j , and if m i,j > 1, we define ψ i,j : W i,j → W i,j−1 , E i,j and R i,j to be the blow-up at x i,j , the exceptional curve for ψ i,j and
is, the number of blowing-ups occuring over x i . We may assume that i bm ≥ (i + 1) bm for i = 1, . . . , l − 1 after rearranging the index if necessary. Put t = R ′ C and c = l i=1 i bm . If C is a fiber Γ of ϕ, t is the number of branch points r. If C is an exceptional curve, t is the multiplicity of R at the point to which C is contracted. Clearly, c is the number of blow-ups on C. Set d i,j = [m i,j /n]. Then the following lemmas hold (cf. [7] ). Lemma 1.9 ( [7] ). We have
This is a special case of the following lemma: Lemma 1.10. Let f : S → B be a primitive cyclic covering fibration of type (g, h, n). Let C be a curve contained in R, L the proper transform of C on W and x 1 , x 2 ,. . . , x c all the singularities of R on C (including infinitely near ones ).
Proof. We may assume that ψ i is the blow-up at x i for i = 1, . . . , c. Then, we can write
From these equalities, the assertion follows. ✷ Lemma 1.11 ( [7] ). The following hold.
Definition 1.12. By using the datum {m i,j }, one can construct a diagram as in Table 1 . We call it the singularity diagram of C.
On the top of the i-th column (indicated by # in Table 1 ), we write # = (i max − i bm ) if i bm < i max and leave it blank when i bm = i max . We say that the singularity diagram of C is of type 0 (resp. of type 1) if C ⊂ R (resp. C ⊂ R). 
i,j ∈ nZ + 1, and m t,p i,j−1 ∈ nZ when j > 1. Let q > p be the integer such that C t,q is the exceptional curve for the blow-up at
as an entry in the bottom row.
Example 1.15. Suppose that t contributes to η p . Then C t,k = C ′′t,k is a (−1)-curve and blown up n − 1 times for any k.
(1) If n = 2, then the point to which C t,1 is contracted is a singularity of type (m → m) for some odd integer m. Indeed, R ′ C t,1 = m and from Lemma 1.9, the singularity diagram of C t,1 is the following:
where we drop the symbol indicating the singular point on C t,1 for simplicity. Since m + 1 is even, we have j t (F p ) = 1. This observation gives us (1.14)
(2) Suppose that n = 3. Let m be the multiplicity of the singular point to which C t,1 is contracted. Then R ′ C t,1 = m and from Lemma 1.9, all possible singularity diagram of C t,1 are the following:
where the integers n i ∈ 3Z and m i ∈ 3Z + 1 satisfy that m + 2 = n 1 + n 2 in the case (i), m + 2 = n 1 + n 2 and n 2 ≤ n 1 in the case (ii), m + 3 = m 1 + n 1 and n 1 < m 1 in the case (iii).
where n k ∈ 4Z, m k ∈ 4Z + 1 and C t,k , k ≥ 2 is the exceptional curve obtained by the blow-up at the multiplicity on C t,k−1 with multiplicity m k−1 . From Lemma 1.9, we have m k + 4 = m k+1 + n 2k+1 + n 2k+2 for any k ≥ 1.
Recall that the gonality gon(C) of a non-singular projective curve C is the minimum of the degree of morphisms onto P 1 . The gonality gon(f ) of a fibered surface f : S → B is defined to be that of a general fiber (cf. [14] ). Proposition 1.16. Let θ : F → Γ be a totally ramified covering of degree n between smooth projective curves branched over r points. If r ≥ 2n gon(Γ), then gon(F ) = n gon(Γ). In particular, the gonality of a primitive cyclic covering fibration of type (g, h, n) is n gon(ϕ), when r ≥ 2n gon(ϕ).
Proof. Assume contrary that F has a morphism onto P 1 of degree k < n gon(Γ). This together with the covering θ : F → Γ defines a morphism Φ :
If Φ is of degree m onto the image Φ(F ), then m is a common divisor of n, k and the arithmetic genus of Φ(F ) is (n/m − 1)k/m + (h − 1)n/m + 1 by the genus formula. Now, let F ′ be the normalization of Φ(F ). Since the covering F → Γ factors through F ′ , we see that the induced covering F ′ → Γ of degree n/m is a totally ramified covering branched over r points. Then, by the Hurwitz formula, we have 2g(
′ is not bigger than the arithmetic genus of Φ(F ), we get r ≤ 2(k/m) when n > m, which is impossible, since r ≥ 2n gon(Γ) and k < n gon(Γ). Thus, we get n = m. Then F ′ is isomorphic to Γ and therefore the morphism F → P 1 factors through Γ. Hence we have k ≥ n gon(Γ) by the difinition of the gonality of Γ, which contradicts k < n gon(Γ). A more careful study shows that any gonality pencil of F is the pull-back of a gonality pencil of Γ when r > 2n gon(Γ). ✷
Primitive cyclic covering fibrations of type (g, 1, n)
Let f : S → B be a primitive cyclic covering fibration of type (g, 1, n). Since ϕ : W → B is a relatively minimal elliptic surface, K ϕ is numerically equivalent to χ ϕ + p∈B 1 − 1 mp Γ by the canonical bundle formula, where m p denotes the multiplicity of the fiber Γ p of ϕ over p. In particular, we have K 2 ϕ = 0. For p ∈ B, we put ν(F p ) = 1 − 1/m p and ν = p∈B ν(F p ). Then, we have K ϕ R = (χ ϕ + ν)r. Combining these equalities with (1.8), (1.9), (1.10) and (1.11), we get the following lemma:
Lemma 2.1. The following equalities hold.
For p ∈ B, we put χ ϕ (F p ) = e ϕ (Γ p )/12 and
Then, the following slope equality holds:
where λ g,1,n := 12(n − 1)/(2n − 1) and Ind(F p ) is defined by
Proof.
For an oriented compact real 4-dimensional manifold X, the signature Sign(X) of X is defined to be the number of positive eigenvalues minus the number of negative eigenvalues of the intersection form on H 2 (X). From Lemma 2.1, we observe the local concentration of Sign(S) to a finite number of fiber germs.
Proof. By the index theorem (cf. [9, p. 126]), we have
On the other hand, we can see that
Upper bound of the slope: the case of type (g, 1, n)
In this section, we prove the following theorem:
(2) If n = 3 and g ≥ 7, then we have
Corollary 3.2. Let f : S → B be a relatively minimal bielliptic fibered surface of genus g ≥ 6. Then, we have
Proof. Let f : S → B be a relatively minimal fibered surface of genus g whose general fiber F is a double cover of a smooth curve Γ of genus h. If g > 4h + 1, an involution of the general fiber F of f over Γ is unique. Then, the fibration f has a global involution since it is relatively minimal (cf. [6] ). Hence f is a primitive cyclic covering fibration of type (g, h, 2). In particular, a relatively minimal bielliptic fibered surface of genus g ≥ 6 is a primitive cyclic covering fibration of type (g, 1, 2). ✷ Let f : S → B be a primitive cyclic covering fibration of type (g, 1, n). We fix p ∈ B. Let m = m p be the multiplicity of the fiber Γ p of ϕ over p. In particular, we have
Next, we give a lower bound of α + 0 (F p ) by using ι(F p ) and κ(F p ). Lemma 3.4. We have
where
For a (t, 2) or (t, 3)-vertical nZ type singularity x, we denote by E t x the exceptional curve for the blow-up at x. Let m t x be the multiplicity of
If there exists a singular point of type nZ on E 
If ι (3) (F p ) = 1, then m = 1 and Γ p is of type (II), (III) or (IV) from Lemma 3.3. We may assume that D ′1 (p) = 0. Let x 0 be the 3-vertical nZ type singularity over p. Suppose that Γ p is of type (II). Then, we can see that m
Suppose that Γ p is of type (III). Then, we can see that m
Suppose that Γ p is of type (IV). Then, we can see that m 1 x 0 = 3 and
Suppose that n = 2. For a (2k + 1 → 2k + 1) singularity (x, y), let E y denotes the exceptional curve for the blow-up at y and m y the multiplicity of Γ p along E y , the proper transform of
By an argument similar to the above, we may assume that there are no singular points on E y . Then we have R h E y = 2k for any (2k + 1 → 2k + 1) singularity (x, y). On the other hand, we have m y ≥ 2 for any (2k + 1 → 2k + 1) singularity (x, y) involved in α co (2k+1→2k+1) (F p ). Thus, we obtain (x,y):
We can translate the index α ′′ into other indices as follows.
Lemma 3.5. The following equalities hold. contracts and
, where m ′t,1 is the multiplicity of the singular point of R which is singular for C ′t,1 and
′t (p) = 0 and every C ′t,k is smooth (resp. C ′t,1 is singular rational), the number of singular points associated with
Summing up for t = 1, . . . , η p , we have (3.1).
Let r t,k = RC ′t,k , m t,k the multiplicity of R at the point to which C ′′t,k is contracted and
c ′′ ) be all the singular points on C ′t,k (resp. on C ′′t,k ), including infinitely near ones. Put m
Similarly, if D ′t (p) = 0 and C ′t,1 is singular rational, we have r nm
Summing up for t = 1, . . . , η p , we get (3.2). ✷ Lemma 3.6. The following hold. Proof. By the definition of γ p , the first inequality is clear. We consider the following graph
k=1 . The edge set E(G t ) is defined by the symbol set {e x } x ∪ {e y } y ∪ {e ′ y } y , where x, y respectively move among (t, 2), (t,
, the graph G t is connected for any t = 1, . . . , η p . Clearly, ι(F p ) is the cardinality of E(G t ). Thus, the number of cycles in G t is ι t (F p ) − j t (F p ) + 1. One sees that G t has at most one cycle, and it has one cycle only if {C t,k } k contains all irreducible components of Γ p . Hence at most one G t has one cycle. We can see that G t has one cycle for some t if and only if δ cyc = 1. Thus, we get
For any singular point x of R, the multiplicity mult x (R) at x does not exceed r/m+ 1 since R(Γ p ) red = r/m. Thus we have α k = 0 for k ≥ r/nm + 1. Moreover, the following lemma holds. (F p ) = 0, then there exists an irreducible component C of Γ p contained in R and a singular point x of R on C with multiplicity r/m + 1 such that any local horizontal branch of R around x is not tangential to C since RD p = r/m. Then, the exceptional curve E for the blow-up at x and the proper transform of C form a singular point of multiplicity 2. Hence we have n = 2 from Lemma 1.2. It is clear that all singular points with multiplicity r/m + 1 are infinitely near to x and the exceptional curves for blow-ups of these singularities form a chain. In particular, any singular point with multiplicity r/m + 1 is a 1-vertical type singularity. ✷ To prove Theorem 3.1, we need some inequalities among several indices.
Lemma 3.8. (1)
The following holds.
(2) If n = 2, then the following holds more strongly.
Proof. From Lemma 3.7, we have
Combining the above inequality with j ′′ (F p ) = r nm k=1 α nZ+1 k (F p ) and r/n − 1 − k 0 ≤ r/n − 2, the assertion (1) follows.
Assume n = 2. Note that any (2k + 1 → 2k + 1) singularity is not involved in κ(F p ). Then we have
Similarly as in (1), the assertion (2) follows. ✷ Lemma 3.9. If n = 2, then we have
Proof. It is sufficient to show that 
Since any blow-up at a (t, u)-vertical type singularity contributes −u to the number
and Γ p contains no u-vertical type singularity for u ≥ 2 if Γ p is of type ( m I 0 ), we get
Combining this inequality with
On the other hand, it is easily seen that
Hence we get (3.3), as desired. ✷ Lemma 3.10.
(1) If n = 3, then the following hold.
(1, iii) If j 
(2) If n = 2, then we have
Proof. Suppose that n = 3. Let C 1 , . . . , C j ′′t 0,1 (Fp) be all (−1)-curves in {C ′′t,k } k contributing to j ′′t 0,1 (F p ) and x i the point to which C i contracts for i = 1, . . . , j (2) . If C t,k contributes to j ′′t 0,1 (F p ) and k = 1, then the point x t,k to which C t,k contracts is contained in another C t,k ′ which does not contribute to j ′′t 0,1 (F p ) from the argument of Example 1.15 (2) . Moreover, x i is also contained in C t,k ′ since the singularity diagram of C t,k is type (iii) in Example 1.15 (2) and Lemma 1.9. For a curve C t,k which does not contribute to j ′′t 0,1 (F p ), we consider how many points among x 1 , . . . , x j ′′t 0,1 (Fp) it contains. (i) Assume that C t,k contributes to j ′′t 0,a (F p ) for some a ≥ 2. Then C t,k is blown up 3a − 1 times. Let (x i,j , m i,j ), i = 1, . . . , l, j = 1, . . . , i bm be entries of the singularity diagram of C t,k . We consider a subset of entries of the i-th column of its diagram {(x i,j , m i,j )} j=j 0 +1,...,j 0 +N satisfying that ( * ) m i,j 0 ∈ 3Z if j 0 > 0, m i,j ∈ 3Z + 1 for j 0 < j < j 0 + N and m i,j 0 +N ∈ 3Z. Note that the set of all entries of the singularity diagram is the union of these subsets. Then we can see that the exceptional curve C t,k ′ obtained by the blow-up at x i,j , j 0 +1 < j < j 0 +N does not contribute to j ′′ 0,1 (F p ) from Lemma 1.14. Hence it contains at most 2a − 1 points among x 1 , . . . , x j ′′t 0,1 (Fp) . (ii) Assume that C t,k contributes to j ′t 0,a (F p ). Then C t,k is blown up 3a − 2 times when it is a (−2)-curve or 3a − 3 times when it is a singular rational curve. Hence it contains at most 2a − 2 points among x 1 , . . . , x j ′′t 0,1 (Fp) by the same argument as in (i). (iii) Assume that C t,k contributes to j ′t 1,a (F p ). Then C t,k is blown up 3a times. Hence it contains at most 2a points among x 1 , . . . , x j ′′t 0,1 (Fp) by the same argument as in (i). We estimate j 
From (a), (b) and (c), we have
by summing up for t = 1, . . . , η p . Combining this with η p ≤ η ′′ p , the claim (1) follows. Suppose n = 2. Let x t,k be the point to which C ′′t,k is contracted and m t,k the multiplicity of R at
is also contained in C t,k ′ for some k ′ . If C t,k is smooth, a singularity with odd multiplicity which is not contained in C t,k ′ for any k ′ > k corresponds to an entry (x i,j , m i,j ) of the singularity diagram D t,k of C t,k satisfying that m i,j−1 is even if j > 1, and m i,j is odd and then corresponds to a subset of entries of the diagram satisfying ( * ). For a curve C t,k , we consider how many such subsets of entries of its singularity diagram there are. (iv) If C t,k contributes to j ′′t 0,a (F p ), then C t,k is blown up 2a − 1 times. Then the singularity diagram of C t,k has at most a − 1 subsets satisfying ( * ).
(v) If C t,k contributes to j ′t 0,a (F p ) and it is a (−2)-curve, then C t,k is blown up 2a − 2 times. Then the singularity diagram of C t,k has at most a − 1 subsets satisfying ( * ).
(vi) If C t,k contributes to j ′t 0,a (F p ) and it is a singular rational curve, then C t,k is blown up 2a − 3 times. Considering the singularity diagram of the proper transform of C t,k by the blow-up at its singular point, C t,k has at most a − 1 singularities with odd multiplicity which is not contained in 
(e) If D ′t (p) = 0, then the number of singularities with odd multiplicity appearing in
From (d) and (e), we have
by summing up for t = 1, . . . , η p . Combining this with (1.12) and (1.14), the claim (2) 
(2) If n = 2, then the following hold.
Moreover, all the cases where Γ p is a singular fiber of type
. In these cases, we have
with equality holding if and only if Γ p and R satisfies the condition indicated in the following figure.
(1) Suppose that n = 3 and j ′ 0,1 (F p ) = 0. If Γ p is not of type ( m I k ), the claim is clear. Thus we may assume that Γ p is of type
, then any component of Γ p contributes to j ′ 0,1 (F p ) and contains at least 2 singular points of R, which is a contradiction.
(2) Suppose that n = 2. Any irreducible component C of Γ p contributing to j ′ 0,1 (F p ) has no singular points of R. Thus any component of Γ p intersecting with the curve C is not contained in R. From this observation and the classification of singular fibers of elliptic surfaces, the claims (2,i) and (2,ii) follow by an easy combinatorial argument. ✷ Now, we are ready to prove Theorem 3.1.
Proof of Theorem 3.1. Let f : S → B be a primitive cyclic covering fibration of type (g, 1, n). From Lemma 3.5, we have
(n − 1)(n + 1) + n µ and µ ′ := (n = 1)(n + 1)µ/12. Combining Lemma 3.6 with the above equality, we have
Assume that A n ≥ 0 and C n ≥ 0. We obtain by using Lemmas 3.4 and 3.8 (1) that
We put
(i) We assume n ≥ 4. We write r = kn. The coefficient of η
It is negative if n ≥ 5 or k ≥ 2. Note that η ′′ p = 0 if k < n − 1 since the multiplicity m ′ of a singular point of type nZ + 1 satisfies (n − 1)
2 ≤ m ′ ≤ r − n + 1. Thus, we may not consider the case where n = 4 and k = 1. Using η
Since 2(n − 2)A n − n + µ ′ > 0, we have
The coefficient of j
If δ mI1,II = 0, (3.8) is negative if and only if n = 4 and k = 1. If δ mI1,II = 1 and n ≥ 5, (3.8) is non-negative. If δ mI1,II = 1 and n = 4, (3.8) is −3 − 6/5k < 0. Note that j ′ (F p ) = 0 if k = 1 since r = n and any singularity of R has the multiplicity n. Thus, we may not consider the case where δ m I 1 ,II = 0, n = 4 and k = 1. We can check that the coefficient of j
is positive for a ≥ 2. Moreover, we also can check that the coefficient of j 
.
If n = 4 and δ mI1,II = 1 and j ′ 0,1 (F p ) = 0 (we denote this condition by (#)), then we have j ′ 0,1 (F p ) = 1 and then (3.7) is positive since − n + (n − 2)A n = n 2 − 37 12
increases monotonically with respect to n and (i,5,II) If Γ p is a singular fiber of type (II), then β p = n − 7, χ ϕ (F p ) = 1/6 and κ(F p ) = κ (2) (F p ) ≥ 1. From the argument in (i,2), it is sufficient to show that
This inequality is true, since
is greater than 1 for any a ≥ 1, it is sufficient to show that
The left hand side of it is greater than or equal to
and (3.9) increases monotonically with respect to n. If n = 4, (3.9) is 5/3 − 11/3k > 0. Note that k ≥ n − 1 since j ′′ (F p ) = 0.
(i,5,IV) If Γ p is a singular fiber of type (IV), then β p = −2, χ ϕ (F p ) = 1/3 and j ′ 0,• (F p ) ≥ 3. Thus, it is sufficient to show that A n β p + C n /6 + 3 · (3.8) is positive. By a computation, this is equal to
and we can check that it is positive.
On the other hand, if n = 3 and g = 4, one can easily classify all singular fibers of primitive cyclic covering fibrations of type (4, 1, 3) because R has no singularities of multiplicity greater than 3, and check e f (F p ) ≥ (9/2)χ f (F p ) for any fiber germ F p . Thus, Theorem 3.1 (1) follows.
(ii) We assume n = 3 and g > 4. The coefficient of j
Applying Lemma 3.11 (1) to the term of j ′′ 0,1 (F p ), (3.6) is greater than or equal to Suppose that j ′ 0,1 (F p ) = 3. Then any component of Γ p is brown up only once. Thus, the multiplicity of the singularity of R on Γ p is r/3 + 3 ≥ 6. In particular, r ≥ 9. Since this singularity is a 3-vertical 3Z type singularity, we have From (ii,1) through (ii,6), we have e f (F p ) − µχ f (F p ) ≥ 0. Thus, Theorem 3.1 (2) follows.
(iii) We assume n = 2 and g ≥ 3. From Lemmas 3.4 and 3.8 (2), (3.5) is greater than or equal to
The coefficients of α (3→3) (F p ) is −1 − µ/4 < 0. The coefficient of κ(F p ) in (3.11) is −3/2. Applying Lemmas 3.9 and 3.11 (2) to (3/2)κ(F p ) and (1 + µ/4) k≥1 α co,1 (2k+1→2k+1) (F p ), we see that (3.11) is greater than or equal to 
which is positive.
From Lemma 3.10 (2,i), (2,ii), we have j
The coefficients of j 
From Lemma 3.12 (2), Γ p is of type ( m I k ), (I * k ), (II * ), (III * ) or (IV * ). Considering the numbers j (iii,6,II) If Γ p is a singular fiber of type (II), then η . . , l − 1 and g(A l ) = (r/2 − 1)(n − 1) (note that A 0 may not be irreducible). This singular fiber satisfies K 2 f (F p ) = (12 − µ)χ f (F p ). Indeed, α k (F p ) = 0 for k = 0, 1, . . . , r/n − 1, α r/n (F p ) = l, ε(F p ) = 0 and χ ϕ (F p ) = 0. Thus χ f (F p ) = r(n−1)(n+1)l/12n, e f (F p ) = nl and then e f (F p )/χ f (F p ) = 12n 2 /r(n − 1)(n + 1) = µ. We can see from the proof of Theorem 3.1 that any singular fiber F p satisfying K . Indeed, α 0 (F p ) = 1, α 1 (F p ) = l, α r/3−1 (F p ) = 3, α k (F p ) = 0 for k = 1, r/3 − 1, ε(F p ) = 2 and χ ϕ (F p ) = 0. Thus χ f (F p ) = (4r − 13)/6, e f (F p ) = 4 and then e f (F p )/χ f (F p ) = 24/(4r − 13) = µ. We can see from the proof of Theorem 3.1 that any singular fiber F p satisfying K . Indeed, α r/2−1 (F p ) = α r/2 (F p ) = l, α k (F p ) = 0 for k = r/2 − 1, r/2, ε(F p ) = l and χ ϕ (F p ) = 0. Thus χ f (F p ) = (r − 2)l/4, e f (F p ) = l and then e f (F p )/χ f (F p ) = 4/(r − 2) = µ. We can see from the proof of Theorem 3.1 that any singular fiber F p satisfying K 2 f (F p ) = (12 − µ)χ f (F p ) is obtained in this way.
From Theorem 3.1 and Example 3.13, we can characterize primitive cyclic covering fibrations of type (g, 1, n) whose slope attains the upper bound in Theorem 3.1.
(i,3) Assume that j 0,1 (F p ) = 2η p + 1 + a≥2 (2a − 1)j 0,a (F p ) and r = 6. We put µ = 129 17 .
From Lemma 4.6 (1) and j 0,1 (F p ) = 3, we have e f (F p ) − µχ f (F p ) ≥ −2A 3 + 4B 3 − 3 = 0, where the last equality follows by the definition of µ.
(ii) We assume that n = 2. Put µ = 4(2g + 1) g 2 − 1 + δ .
Then we have 2B 2 − 2A 2 − 1 − 6(1 − δ)µ ′ = 0, A 2 > 0 and B 2 ≥ 1. From (1.12) and (1.14), (4.1) is equal to 
